Solitonic generation of five-dimensional black ring solution 
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Using the solitonic solution-generating technique we rederived the one-rotational five-dimensional 
black ring solution found by Emparan and Reall. The seed solution is not the Minkowski metric, 
which is the seed of S'^-rotating black ring. The obtained solution has more parameters than the 
Emparan and Reall's S'^-rotating black ring. We found the conditions of parameters to reduce the 
solution to the S -rotating black ring. In addition we examined the relation between the expressions 
of the metric in the prolate-spheroidal coordinates and in the canonical coordinates. 
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One of the most important recent findings of the 
higher-dimensional General Relativity is a one-rotational 
black ring solution by Emparan and Reall |l| . This solu- 
tion is a vacuum, axially symmetric and asymptotically 
flat solution of the flve-dimensional General Relativity. 
The topology of the event horizon is S^ x S^. The black 
ring rotates along the direction of the S^ . The extension 
of this solution to a two-rotational one has not yet been 
achieved. 

Recently the present authors found a black ring so- 
lution with S'^ rotation by using a solitonic solution- 
generating technique 2]. In the analysis we reduced the 
problem to the four-dimensional one J5, 4, 5] and applied 
the formula Q to obtain the metric functions. The seed 
solution of this ring is a simple Minkowski spacetime. 
Because the effect of rotation cannot compensate for the 
gravitational attractive force, the ring has a kind of strut 
structure. Figueras found a C-metric expression of S^- 
rotating black ring solution Q . Tomizawa et al. showed 
that the same black ring solution is obtained by using 
the inverse scattering method ^J. 

In this paper we generate the black ring with S^ rota- 
tion by the solitonic solution-generating technique. We 
find that the seed solution is not a Minkowski space- 
time. The obtained solution has more parameters than 
Emparan and Read's black ring. It is therefore an ex- 
tension of the result of Emparan and Reall and we need 
some additional conditions to reduce the solution we ob- 
tained to the black ring solution. In this analysis we 
use prolate-spheroidal coordinates. The relation between 
this and the canonical coordinates considered by Ear- 
mark Q are analyzed. We also investigate the correspon- 
dence between the seed solutions and the solitonic ones 
from the viewpoints of rod structure. This viewpoint 
would be helpful to consider seed solutions for further 
new five-dimensional solutions. We cannot generate two- 
rotational solutions by the solution-generating technique 
used here. However if we use another technique, e.g., 
inverse scattering method, for the seed solution used in 
this analysis or the seed with some corrections, the two- 
rotational black ring solution may be obtained. 

At first we briefly explain the procedure to generate ax- 
isymmetric solutions in the five-dimensional general rel- 



ativity. The spacetimes which we considered satisfy the 
following conditions: (cl) five dimensions, (c2) asymp- 
totically flat spacetimes, (c3) the solutions of vacuum 
Einstein equations, (c4) having three commuting Killing 
vectors including time translational invariance and (c5) 
having a single non-zero angular momentum component. 
Under the conditions (cl) - (c5), we can employ the fol- 
lowing Weyl-Papapetrou metric form (for example, see 
the treatment in 91), 



ds^ = -e^^'^'idx^ - udcj^f + e2^V'(rf'/')' + e2^^(d^)2 



+e^<.f+Ui) (dp2 ^ ^^2) 



(1) 



where Uq, Ui, U2, uj and 7 are functions of p and z. Then 
we introduce new functions S :— 2Uo + U2 and T :— U2 
so that the metric form (1) is rewritten into 



ds^ 



-e^(da;° - ujd(f>)^ + 1 



,T+2Ui 2 



p'id^r 



^g2(7+t/i)+T (^^2 ^ ^^2)1 ^ e2T(^^)2^ (3) 



Using this metric form the Einstein equations are reduced 
to the following set of equations, 



p[dpTd,T], 




dpEsdpEs - dzSsdzSs ) 
dpSsdzSs + dpEsdz^s ) , 



i~dzuj, dpuj) , 



(v) idp<^, 9,$) = p- 

(vi) 7 = 7s + 75., 

(vu) Ui = -— , 



where $ is defined through the equation (v) and the func- 
tion Eg is defined by £s '■= e^ + i^. The most non- 
trivial task to obtain new metrics is to solve the equa- 
tion (iii) because of its non-linearity. To overcome this 



difficulty here we use the method similar to the Neuge- 
bauer's Backlund transformation [I^ or the Hoenselaers- 
Kinnersley-Xanthopoulos transformation [ll|. 

To write down the exact form of the metric functions, 
we follow the procedure given by Castejon-Amcnedo and 
Manko |a|. In the five dimensional spacetime we start 
from the following form of a seed static metric 



ds' 



+e 



27' 



e 

(0)_g(0) 



0\2 



[ax 
{dp^ + dz^ 



27^(0) 



{d^Y 



For this static seed solution, e'^ , of the Ernst equation 
(iii), a new Ernst potential can be written in the form 

5(0) a;(l + ab) + iy{h — a) — (1 — ia){l — ib) 
^ ~^ x{\ + ab) + iy{b - a) + (1 - ia){l - ib) ' 

where x and y are the prolate spheroidal coordinates: 
p = ay/x^ — lyl ~ 2/^1 z = '^'^y 1 with cr > 0. The 
ranges of these coordinates are 1 < a; and — 1 < y < 1. 
The functions a and b satisfy the following simple first- 
order differential equations 



[x - y)d^a = a [{xy - l)d^S^"^ + (1 - y')a„5(°) 
{x - y)dya = a \-{x^ - l)da:S^°'> + {xy - l)dyS^°'> 
{x + y)d^b = -6 [(a;?; + l)a,5(") + (1 - y2)a^5(0) 



{x + y)dyb 



-{x^~l)d,S'^'^^ + ixy + l)dyS^°^ 



(3) 



The metric functions for the five-dimensional metric Q 
are obtained by using the formulas shown by ,^], 



.s'") 



0) A 



B 

_g{Q) C 

~A 

e27 ^ C2{x^-l)-^Ae^'^\ 



bJ 



2ae 



Ci 



(4) 

(5) 
(6) 



where C\ and Gi are constants and A, B and C are given 
by 



A 
B 
C 



= {x^-\){\ + abf-(\-y'){b-a)\ 

= \{x + 1) + (x - \)abf + [(1 + y)a + (1 - y)bf , 

= {x^-\){\ + ab)\{\-y)b-{\^y)a\ 

-^(1 - y^)(b -a)\x^\-{x~ \)ab\ 



where U'^^'^'' 



2 \x + \ 



And then the function T 



is equals to T^ "> and l]\ is given by the Einstein equation 

(vii). 

Using the solution-generating technique described 
above, we construct the S'^-rotating black ring solution 
obtained by Emparan and Reall. The most important 
point is to find the seed metric of the black ring solution. 
To do so, it is useful to use the rod structures which was 
studied for the higher-dimensional Weyl solutions by Em- 
paran and Reall 12] and for the nonstatic solutions by 
Harmark [9j. Using this rod structure analysis, we found 
the seed metric of the S^-rotating black ring solution by 
analogy with the relations between the S'^-rotating black 
ring and its seed metric. (See |9| for the definition of the 
rod structure.) 

We show the schematic pictures of rod structures of the 
S'^-rotating black ring and its seed solution in Fig. ^ 2|. 
Through the solitonic transformation the segment \~c!^ a] 
of semi-infinite spacelike rod which corresponds to the cfh 
axis is changed to the finite timelike rod. To indicate 
that the x'^ and (f) components of the eigenvector are not 
zero, we put the finite rod between x'^ and (j) axes in Fig. 
n In the resulting solution this segment corresponds to 
the event horizon with ^-rotation. 

The rod structure of S'-'^-rotating black ring was investi- 
gated by Harmark ^] . There are two semi- infinite space- 
like rods in the directions of d/d4> and d/d(f). Note that 
these two semi-infinite spacelike rods assure the asymp- 
totic fiatness of the spacetime. Also there is a finite 
spacelike rod in d/dtp direction. A finite timelike rod 
has finite and semi-infinite spacelike rods in d/dtp direc- 
tion on each side. This timelike rod corresponds to an 
event horizon with (/)-rotation. 

Now we construct the seed solution for the S^-rotating 
black ring. For this purpose we trace back from the rod 
structure of S'-'^-rotating black ring to the seed solution 
referring the analysis of S'^-rotating black ring. This can 
be achieved when we change the finite timelike rod to the 
finite spacelike rod in the d/dcj) direction. In Fig. [21 we 
show the schematic pictures of these two rod structures. 

The seed metric of S^-rotating black ring is summa- 
rized as follows. The i/'-V' componet of the metric of black 
ring and its seed are exactly same as each other. Also the 
0-0 component of the seed metric is —1. The seed func- 
tions of S'^-rotating black ring solution are obtained as 



^(") ^ r(") = u^, + c7_ 



7]ia l^))2 0'7 



(8) 



In addition the 7' in Eq. © is a 7 function corresponding 
to the static metric, 



ds^ 



where the function Ud is defined as Ud '■= 
^\n[Rd + {z-d)] and Rd = y/ p^ + {z - d)'^ . We 
assume that the parameters A, 771 and 772 should satisfy 
the following inequalities 

1<A, -l<77i<l, 1<'72<1, 0<77i-hr?2, 

, Tj^oa,, „(u, „ „ „^(u) n to generate the black ring solution because the timelike 

+6 ° [dp + dz ) + e (dip) (7) j-q^ appears in the region —a < z < a after the solitonic 



,(BH) „(0) ^ 



,(BH)_<,(0) 



2U^-'+S-' (^^0)2 ^ e^2C/-- -5^"' ^2(^^)2 



,(BH) 



-Ao- 



-o a 




FIG. 1; Schematic pictures of rod structures. The upper panel 
shows the rod structure of Minkowski spacetime, which is a 
seed of S^-rotating black ring. The lower panel shows the rod 
structure of the S^-rotating black ring. The segment [— ct, a] 
of semi-infinite rod in the upper panel is tranformed to the 
finite timelike rod with 0-rotation by the solution-generating 
transformation. The eigenvector of the finite timelike rod in 
the lower panel has non-zero (f) component. Therefore we put 
this rod between x" and 6 axes. 



-liO" '?20- Ao- 



— c» -1,0- r/jCT Act <» 

FIG. 2: Schematic pictures of rod structures. The upper 
panel shows the rod structure of seed metric of S'^-rotating 
black ring. The lower panel shows the rod structure of S^- 
rotating black ring. The finite spacelike rod [— 771 cr, 772(7] in 
the upper panel is altered to the finite timelike rod by the 
solution-generating transformation. 



transformation. Under these assumptions, the region of 
a; = 1 and —771 < y < 772 of the solitonic solution corre- 
sponds to the event horizon. Also the region of a; > A and 
y = I is the fixed points of the (jj rotation. The regions 
of 1 < a; < A and y = 1, x — 1 and r]2 < y < 1, x — 1 
and —l<y< —771, and y = —1 become fixed points of 
ip rotation in the black ring spacetime. 

Substituting the seed function © into the differential 
equations |J3J| , we obtain the solutions of these equations 



pAiJ (y _i pAU \cj pAU (J I pAU — r^-^a p^ riQ^o 



2cr4 



6 = 2cr2/3- 



MXa 



o^-rjic 



oU\a 



^V a _[_ ^■^^ri'^o 



pAU — cT _|_ p-^*Jr}'2<^ 



■ 2U-„ _|_ g2Ux^ g2(7_„ _|_ g2U-^^o 



g^^2° 



where a and (3 are integration constants and Uc '■= 
iln[i?,-(z-c)]. 

Next we reduce the explicit expression for the 7'. Read 
out the functions S" and T' from Eq. Q as 

S' = 2[/f^) + ^(") 

and substitute them into 

9p7' - \p [{dpS'f - {d.S'r] + Ip [{d,Tr - {d.TT] , 

so we can confirm that 7' is divided as 

/ /CT.cr ^ / — o", — cr I fXa.Xa ' / — ?7icr, — 7710" 1^ 'r]2cr^r]2<y 

Tcr, — o" ' 'CT.Xcr ^ Tcr, — 771a" Jcr.'[]2i7 

' — cr,A(T I —cr. — 'i]ia ' i—(T.'t'j2<y 1 Xa^ — r^ia 

'A(T,?72cr ' —rj\(T. 712(7 ^ 

where ^'^^ satisfies the following equations 

dpi,d = p[dpUcdpUd~d,U,d,U^, (9) 

dzicd = P [dpilcd.Ud + dpUdd.U^ . (10) 

These equations Q and H10() have the solution, 

, 1 ~ 1 ~ 1 

led = ^Uc + -Ud - - In Fed, 

where Ycd '■= RcRd + {z — c){z ~ d) + p^ . 

Now the functions which is needed to express the full 
metric are completely obtained. The full metric is ex- 
pressed as 



ds = -- 
B 



dx"-(2ae-^'°'j + C^ 



+C2CT 



dx^ 



X2-1 



.5e2(y^s>"') 



+ 



dy^ 



x^ — 1 1 — y' 



(11) 



In the following the constants Ci and C2 are fixed as 
2ai/2a „ 1 



Ci = 



l + a/3 ' 



C2 = 



^/2(l + a/3)2' 



to assure that the spacetime asymptotes to a five- 
dimensional Minkowski spacetime globally. We can con- 
firm this by taking the asymptotic limit, a; — > 00, of the 
metric. 

The above solution is an extension of S'^-rotating black 
ring solution because it contains singular cases. In gen- 
eral the spacetime described by the metric (|ll|l includes 
some harmful regions, for example, the region where 
closed timelike curves exist. In fact, the metric com- 
ponent 300 becomes negative around (a;,y) = (1,1) and 
(1,-1). These singular behaviors are cured by setting 
the parameters a and /3 as 



a 



I 2(1 -r?2) 
(A-l)(l + ryi)^ 



P-- 



^ (A + l)(l-r/i) 
2(1 + ^2) 



(12) 



The asymptotic form of £5 near the infinity f — 00 
becomes 



£s — f cos ( 



1 - 



-2z(t1/2 



^P(a^AA) 
f2 (l + a/3)2 

a 2crcos^ 9 Q{a,(i,\) 

1 + aP f2 (H-a/3)3 



where we introduced the new coordinates r and through 
the relations 



2a- 



-I- A -771 -r/2, y = cos 261, 



and 



P(a,/3,A) 
Q{a,(3,X) 



, 2 o2\ 



4(1 + a-' - a^P^ 

a{2a^ - r/i - 772 + A + 3) - 2a^P^ 



-/3[2(2a/3+l)(a^ 



1) 



+{m + m - ^ - '^h^ap + 2)] 



From the asymptotic behavior of the Ernst potential, we 
can compute the mass parameter rri^ and rotational pa- 



rameter m ao as 
,2 



m 






4cr 



(1 + a/3)2 
For the black ring solution we obtain 

2 8cr(?7i+r72)(A-?72) 



3/2 Q(a,/3,A) 
(H-a/3)3' 



m Qq = m 



(A-l)(l + 77i)(l + r;2)(l + a/3)2' 
2 ^/^(a(l + A77l)- 2/3772) 



l + a/3 



(13) 
(14) 



where we use the Eq. ((T^ . From Eqs. (fl^ and (fTljl we 
can obtain the usefuU relation 

a2 _ ((l + Ar;i)v/r^^-r;2/(A^~T)(r^^)' 



m^ 



4(A-772)(r7i +772) 



(15) 



When 771 = 772 = 1 the black ring becomes static because 
a = P = from Eq. H12|l . The one-rotational black hole 
limit [13 of the black ring is realized when we set 



A = 1 



772 = 1 - ke, 



where k > is constant, and then, take the limit e 
The periods of and ip are defined as 



A<j>-- 



27r lim , 






P^9pp 



and At/; = 2ti lim 



to avoid a conical singularity. We see that the period of 
(f) is A0 — 2tt and the period of ip is A-^ = 2tt outside 
the ring and 



At/' = 2tt 



f ^-ri2 \ /1 , / (A-l)(l-r,i)(l-»,2) 
{\+Vi A V (A+l)(l+m)(l+'?2) 

/ (l-r)i)(l-r)2T 
(l+»?l)(l+»)2) 



inside the ring. In general there is a conical singular- 
ity inside or outside the ring. This conical singularity is 
cured by setting the parameters A, 771 and 7^2 to satisfy 
the relation 



' A - 772 ' 
.A + 771, 



' (A-l)(l-77i)(l-7;2) 
(A + 1)(1 + 770(1 + 772) 



'A-l 



I {I - Vi){l - V2) f^.s 

VA + l^\/(l + r7i)(l + 772)- ^'''> 

Finaly we consider the coordinates transformation be- 
tween the prolate-spheroidal coordinates used here and 
the canonical coordinates analyzed by Earmark |3|. See 
[3 for the notaiton and the exact expression of the met- 
ric in the canonical coordinates. We however use p and 
z for p and z of 9]. 

Comparing the functional forms of tjj-^p components, 
we obtain the relations between these two coordinates. 
These two coordinates can be transformed into each other 
through the relation 



P, 



z = z ■ 



m -m 



(7 = a [ xy 



vi -m 



2 V 2 

In addition, the parameters should satisfy the following 
relations. 



K^ = cr A 



Vi - m 



c = 



m +772 

2A + 771 - 772 ' 



(17) 
(18) 



^ (A + 1 + (A - l)a(3f - (A^ - 1)(1 + a/3)2 
(A + l + (A-l)a/3)2 + (A2-l)(l + a/3)2^ ' 

to assure the equivalence of these two expressions. Here 
the parameters a and (3 satisfy the conditions (|12|1 . Also 
we have to rescale the p-z part of the metric as 



„2y 



1-6 



„2(7+'7i) 



Note that b > c when A > 1, 771 < 1 and r?2 < 1- From 
the static black ring condition 6 = c Q, we can derive 
the following relation 



1 -??2 



V2 



1 



I -VI 



1 



m 



A-l 

A + l 



which holds when rji = t]2 = 1- Indeed the black ring 
is static in this case because a = /3 = from Eq. (|12|l . 
The black ring solution becomes one-rotational black hole 
when we take the limits b,c —> 1 93- These limits surely 
correspond to the limits A, 772 ^ 1. 

There are six parameters (A, ?7i, 772, cr, a, (3) in the met- 
ric Hll|l with two relations (|12|) . While there are three 
parameters (5, c, k) in the canonical coordinates. The 
parameter a appears only in the relation of k^, Eq. (|17|l . 
and contributes to the scaling of the coordinates. Thus 
we can freely fix one of parameters (A, 771,772). Here we 
set 771 = 1 because the relations obtained above become 
simple. In this case we can inversely solve Eqs. (|17|) - 
(fT^ . The results are 

1 l + c, 2 



2c + cb-h , 



bK^ 



When the black ring does not have a conical singularity, 
these relations become 

X l + c2 2c 2 
?7l = 1, 7?2 = C, A = —^ , 0- = -;— K , 



2c ' 



1+C 



and the parameter 772 lies in the range < 772 < 1. 

Next we consider the relations between physical vari- 
ables. The ADM mass and angular momentum of the 
black ring were derived by Emparan and Reall [jj] as 



M ^ 



i-Kti^h 



Jl = V^TTK,^ 



^b{b-c){l + b) 



2(1 -c)' ' (l-c)2 

These two variables are related to the mass and rotational 



parameters as 



77T- 



8(1 -c)2 
37r(l - b) 



M, 



2 4(1 

m Go — — 



n{l~b) 



c)3 

3"-'l- 



Using the balanced black ring conditions (|16|l with 771 — 
1, the right hand side of Eq. (|15|l can be reduced to the 
following form, 

al {1 + mf 27tt Jf 



87?2 



32 M3' 



This agrees with the previous results [l|. 

In this paper we rederived the S'-'^-rotating black ring 
solution by the solitonic slution-generating technique. 
Using the rod structure analysis we found the seed so- 
lution of the black ring on the analogy of the relation 
between the 5'^-rotating black ring and its seed solution. 
The relations between the seed and obtained solitonic 
solutions can be easily understood through the analysis 
of their rod structures. Thus the rod structure analy- 
sis is expected to be a useful guide to construct seed 
solutions for new solutions. In addition we obtained 
the relations between the prolate-spheroidal coordinates 
and the canonical coordinates. This means that using 
the coordinates transformation between canonical and C- 
metric coordinates obtained by Harmark jQj , the prolate- 
spheroidal coordinates also can be transformed into the 
C-metric coordinates. 

As is the S'^-rotating black ring Q, the S'^-rotating 
black ring solution would be generated from the seed so- 
lution obtained here by the inverse scattering method. 
Also it might be expected that the two-rotational black 
ring is obtained from the seed solution or the seed with 
some deformations by this method. 
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